Effective Lagrangian for strongly coupled domain wall fermions by Berruto, F et al.
MIT-CTP-3142
Effective Lagrangian for strongly coupled domain wall fermions
Federico Berruto and Richard C. Browery
Physics Department, Boston University, 590 Commonwealth Avenue, Boston, MA 02215
Benjamin Svetitskyz
Center for Theoretical Physics, Laboratory for Nuclear Science and Department of Physics,
Massachusetts Institute of Technology, Cambridge, MA 02139
(May 18, 2001)
Abstract
We derive the effective Lagrangian for mesons in lattice gauge theory with
domain-wall fermions in the strong-coupling and large-Nc limits. We use
the formalism of supergroups to deal with the Pauli-Villars fields, needed to
regulate the contributions of the heavy fermions. We calculate the spectrum
of pseudo-Goldstone bosons and show that domain wall fermions are doubled
and massive in this regime. Since we take the extent and lattice spacing of the
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I. INTRODUCTION
From its inception, lattice gauge theory was hampered by the absence of an adequate
fermion formulation. It was thought for many years that there is no discretization scheme
that displays explicit chiral symmetry without either sacricing locality or introducing non-
physical doublers in the fermion spectrum. This state of aairs was summarized in the
famous no-go theorem of Nielsen and Ninomiya [1]. Recent years have seen major progress
in the construction of lattice regularizations of fermions with good chiral properties [2].
Domain wall [3] and overlap [4] formulations preserve chiral symmetry exactly, allowing the
construction of vector gauge theories on the lattice. An idea common to these schemes is
that of employing a large number of fermion flavors, one of which survives in the continuum
limit as a massless fermion supporting exact chiral symmetry.
In the domain wall formulation, the expanded flavor space may be seen as an extra
dimension with a defect in a background eld. One chirality of the Dirac spinor is expo-
nentially localized along the defect. If the extra dimension is periodic and of nite extent
L5, the other chirality will be localized along an unavoidable second defect, while all the
other Dirac fermions, L5 − 1 in number, stay heavy. This is also the scheme in Shamir’s
surface-fermion variant [5,6], which we study in this paper; here the chiral modes are local-
ized on the surfaces of a ve-dimensional slab. In either case, the limit L5 ! 1 requires
that the contribution of the heavy flavors be subtracted [4,6{8] by introducing L5 flavors of
pseudofermion elds, often called Pauli-Villars (PV) elds. These are bosons that have the
same index structure as the fermions.
Domain wall fermions are equivalent to overlap fermions [4] in the limit that the size and
lattice spacing of the fth dimension are taken to innity and zero, respectively [7,9]. The
bulk degrees of freedom remain massive. They decouple as the four-dimensional lattice is
removed, leaving a four-dimensional Dirac operator describing the chiral surface modes.
In this paper we study domain wall fermions in the limit of strong gauge coupling. We
adapt the classic method of Kawamoto and Smit [10] to derive an eective action for mesonic
degrees of freedom.1 A novel ingredient of the domain wall formalism is the PV bosons.
We combine the fermions and pseudofermions into a supervector, and similarly group the
eective degrees of freedom into a supermatrix. Then the formalism of supergroups allows
us easily to extend the treatment of the fermions to an analysis of the complete theory.
The eective action contains all the meson-like states that can be constructed from pairs of
fermions, from pairs of bosons, and from boson-fermion pairs.
The interesting question is, does this theory really behave as one would expect of a theory
of exactly chiral quarks? To address this, we take the number of colorsNc to innity and look
for saddle points of the eective action. Following Kawamoto and Smit, we begin by setting
the Wilson parameter r to zero and classifying the symmetries of the theory; we display
explicitly the Goldstone bosons that are the fluctuations around the saddle point. The
spectrum of Goldstone bosons is characteristic of a theory with complete fermion doubling,
which is not surprising since it is the term proportional to r in the fermion action that
1See also [11]. This method has been elaborated and applied many times. See for instance [12–15].
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breaks naive doubling in the rst place. When we proceed, however, to perturb the saddle
point with the r terms, we nd that the doubling persists and that the only eect of the
perturbation is identical to that of adding a mass term (a` la Shamir [5,6]) to the domain wall
action. We conclude that in the strong coupling limit, domain wall fermions are doubled
and massive, with all that that implies for the mesonic spectrum.
We thus conrm the conclusion reached by two of us [16] through study of the Hamilto-
nian of domain wall fermions at strong coupling. Unfortunately, our analysis here is more
involved and perhaps less conclusive. Study of the Hamiltonian via Rayleigh-Schro¨dinger
perturbation theory is straightforward and leads unambiguously to an eective Hamiltonian
for mesonic degrees of freedom. The symmetries of this eective theory are readily appar-
ent. In the Euclidean formulation some additional approximation is necessary, such as a
hopping parameter expansion, mean eld theory, or the large-Nc limit.
2 Even at large Nc,
one might argue that there exists another saddle point with dierent symmetry properties.
Nonetheless, the Euclidean study complements the Hamiltonian results in that it does not
require a time-continuum limit and thus does not introduce a new question regarding the
order of limits.3
In Sec. II we derive the strong-coupling eective action. For pedagogic reasons, we
begin by ignoring the PV bosons. Following Kawamoto and Smit [10], we integrate out
the gauge eld in this limit and rewrite the resulting path integral in terms of a bosonic
matrix eld. That this path integral generates the same Green functions as the original
Grassmann integral is due to an equality between generating functions that was proven in
[10] (following [19]). This path integral contains the eective action. While its derivation
does not depend on a large-Nc limit, we give its explicit form for this case only. In the
last part of Sec. II we repeat the derivation with the bosons included. This requires a
generalization to supermatrices of the identity relating generating functions, which we prove
in Appendix B.
Since the chiral symmetry of the domain wall action arises dynamically, it is dicult
to analyze the symmetry of the eective action directly. The symmetry analysis cannot
be divorced from the dynamics. Section III is devoted to deriving the symmetry breaking
pattern of the theory and the spectrum of Goldstone bosons. We can only make analytic
progress in the Nc !1 limit. Here the task at hand is to nd saddle points of the eective
action. Again we start with an analysis of the theory without the PV bosons. We begin
by setting r to zero which makes nding a saddle point straightforward. In this limit the
symmetry of the eective action is apparent; upon introducing an ansatz for the saddle point
we display the pattern of spontaneous symmetry breaking and the concomitant Goldstone
bosons. Then we turn on the Wilson term in the action and we compute its eect on the
2In the Hamiltonian formalism, a strong coupling expansion combined with a large-Nc expansion
has been used in [17,18].
3It is curious but true that one may consistently ignore the PV bosons in the Hamiltonian calcu-
lation to lowest order in 1=g2 [16], but not in the Euclidean calculation. To our knowledge, there
is no established correspondence between the perturbation series in the two formalisms.
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saddle point by calculating the mass matrix of the pseudo-Goldstone bosons. It turns out
that the symmetry of the r = 0 saddle point is broken by the r term, but only in the way
that a mass term breaks it, that is, by breaking chiral symmetry while leaving the doubling.
We show explicitly that inclusion of the Shamir mass term does the same.
The extension of the calculation to include the PV bosons is straightforward. The saddle
point in the enlarged eld space is the obvious extension of the saddle point found above.
Perturbing the saddle point with the Wilson term of the bosonic elds gives a mass matrix
for the pseudo-Goldstone bosons that is identical in form to that due to the massive fermions.
We conclude with some discussion and comparison to other work.
II. THE EFFECTIVE ACTION AT STRONG COUPLING AND LARGE NC
A. Without Pauli-Villars bosons
We dene domain wall fermions on a ve-dimensional hypercubic lattice. The fth
dimension has nite extent L5; for generality we assign a lattice spacing a to the four
dimensions of Euclidean space-time and a separate lattice spacing a5 to the fth dimension.
We shall denote by x = (x1; x2; x3; x4) a coordinate vector in the four dimensional space,
with Greek indices ; ; : : :; the fth coordinate is s. The fermion eld  axs is a Grassmann
eld carrying color index a = 1; : : : ; Nc and Dirac-flavor index  = 1; : : : ; 4Nf . The gauge
eld Ux is an SU(Nc) matrix eld that resides on the four-dimensional links only and is
independent of s.
The action is a sum of pure-gauge and Dirac actions,
S(U;  ;  ) = SU(U) + SF (  ;  ; U): (2.1)












We write the fermion action as























































4Our Dirac matrices γ are hermitian and satisfy fγ; γg = 2 . We define  = γ4γ so that
4 = 1 and 1;2;3 are anti-hermitian. γ5 is hermitian. (See Appendix A.)
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and  = a=a5. Only S4 contains the gauge eld.
In the strong-coupling limit we drop SU . The eective action will then be written in







 axs′ : (2.7)
This is a color singlet, local in x but nonlocal in s, and hence we write it as a (4NfL5) 
(4NfL5) matrix. (This is in line with the view that s represents an internal flavor index.
Eventually we will isolate the projection of M onto the subspace spanned by the chiral
surface modes.)
In the strong-coupling limit the partition function is given by
Z =
∫
D  D DU expSF (  ;  ; U) (2.8)
The integral over the gauge eld can be performed immediately by noting that it is simply
a product of decoupled link integrals,
eS1( ¯; ) 
∫





dU exp Tr [ A(x)U + U
yA(x)]; (2.9)




















 bxs : (2.11)
The integral in Eq. (2.9) can be carried out explicitly for any value of Nc [20], and the result
expressed in terms of M(x). We are interested in the limit Nc !1 [21,22]. Dening
(x) = −4M(x)r + γ
2



















The trace (\tr") in Eq. (2.13) denotes a trace over Dirac-flavor and s indices, not to be
confused with the color trace (\Tr") appearing in Eq. (2.2). We plot F () in Fig. 1, and
note that one may use a straight line F () ’ =4 as a rst approximation.
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The remainder of SF couples elds along the fth axis for xed x. We can rewrite this
in terms of M as well, viz.,

















+ (m− 4− )s;s′; (2.16)




D  D exp
[
S1(M) + S?(M) + SJ(J;M)
]
; (2.17)












so that functional dierentiation with respect to J generates Green functions of the fermion
bilinear eld M(x).

















Here M(x) 2 U(4NfL5) is a bosonic, unitary matrix eld and DM(x) indicates the invariant
Haar measure at each 4d site x. (We derive this result in Appendix B, and generalize it to






















We set J = 0 henceforth.
The fth-dimension Wilson-Dirac operator D? is not hermitian. It will be convenient to
















The measure and tr logM are unchanged since γ4 is a special unitary matrix. h is precisely
the single-site Hamiltonian studied (in the a5 ! 0 limit) in [16]. We review its spectrum
and eigenfunctions in Appendix A.
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B. Addition of Pauli-Villars bosons
We have so far neglected the Pauli-Villars elds. Introduction of supermatrix notation
will enable us easily to extend our calculation to include their eects in the eective action.
Following Vranas [8], we introduce scalar elds axs and their conjugates, with the same
indices as the fermions. Their action SPV ( ; ) is identical in form to the fermion action
SF [see Eqs. (2.3){(2.6)]. The only dierence is the imposition of antiperiodic boundary


























ax;L5+1 = −ax1 : (2.24)


































It is a (4Nf2L5) (4Nf2L5) matrix that contains the old meson matrix (2.7) in the upper
left-hand corner.
In the strong coupling limit the partition function is now
Z =
∫
D  D D DDU exp
[
SF (  ;  ; U) + SPV ( ; ; U)
]
: (2.27)
We integrate out the gauge elds as we did in Eq. (2.9),
eS1( ¯; ;¯;) 
∫





dU exp Tr [ A(x)U + U
yA(x)]; (2.28)



























where Str denotes the supertrace (see Appendix B). F and  are the same as before, with












Here D?F is the fermionic fth-dimension Wilson-Dirac operator given in Eq. (2.16); the
Wilson-Dirac operator D?PV for the bosons is derived from Eq. (2.23) and diers from D
?
F









We show in Appendix B that the integral over the supereld Ψ can be replaced by an
















In this equation M(x) is an element of the supergroup U(4NfL5j4NfL5) and DM(x) is the
corresponding invariant Haar measure at each 4d site x. Since D? is not hermitian, we again
















This is the eective action for all the meson-like degrees of freedom that can be constructed
from pairs of fermions, from pairs of bosons and there super partners constructed from
boson-fermion pairs.
III. CHIRAL SYMMETRY BREAKING PATTERN AND GOLDSTONE BOSONS
The large-Nc limit allows us to evaluate the partition function by nding saddle points of
the eective actions (2.22) and (2.36). We shall begin by setting r = 0, whereupon Wilson
fermions reduce to naive fermions, and then we will see how things change as the Wilson
term is restored. Again, we leave the inclusion of PV bosons to the end.
8
A. The r = 0 case; no PV bosons















We can eliminate the  matrices by performing the following unitary transformation (spin
diagonalization [17,23])
M(x) ! (1)x1(2)x2(3)x3M(x)(3)x3(2)x2(1)x1: (3.2)



















UM(x)V y for x even
VM(x)U y for x odd
(3.4)
where U; V 2 U(4NfL5). This is a global left{right symmetry typical of non-linear sigma
models. Inclusion of h restricts the transformation by the condition Uh = hV . Within
a degenerate eigensubspace of h, this means that U = V . Within the nullspace of h, the
restriction vanishes and the symmetry under U 6= V rotations returns. In the limit L5 !1,
h possesses 4Nf zero modes, which are just the chiral surface modes for the zero-dimensional
domain wall. The symmetry realized among these modes is U(4Nf) U(4Nf ).
To translate this back into the original fermionic coordinates we must note that we have
redened M(x) through left multiplication by a factor of γ4 so that the standard chiral
U(Nf ) U(Nf ) transformation is
 xs ! ei(aV a+aAaγ5) xs; (3.5)
 xsγ4 !  xsγ4e−i(aV a+aAaγ5); (3.6)
where the a are U(Nf ) flavor generators. This operation does not leave h invariant. The
zero eigenvectors of h, however, are eigenvectors of γ5 (see Appendix A) and thus the
nullspace of h is invariant under this U(Nf )  U(Nf ) group. This is a subgroup of the
U(4Nf )U(4Nf ) symmetry group of the nullspace, in fact, of its U(4Nf ) subgroup dened
by U = V .
The group U(4Nf )U(4Nf ) is the symmetry of fully doubled, naive fermions. Evidently
for r = 0 the domain wall formalism yields ordinary doubling.
These symmetry considerations guide us in choosing an ansatz for the saddle point of
Seff. Let us consider the eigenstate basis of the single-site Hamiltonian h,
hji = ji: (3.7)
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We suppose that, at the saddle point, M(x) is translation-invariant and diagonal in the h
basis,









dF (M2 )− logM − M
]
; (3.9)
where d = 4 is the number of dimensions. Using the formula (2.14) for F , we dierentiate




2(d− 1)2 + (2d− 1)(d2 + 2)
d2 + 2
: (3.10)






We plot M() in Fig. 2, and note that jMj < 1 for any . To maximize the action at the
saddle point, we choose
M =
{
M+ for  > 0
M− for  < 0:
(3.12)
This choice satises
M− = −M: (3.13)
The solution (3.10){(3.12) does not break any U = V symmetries [see Eq. (3.4)] within
degenerate eigensubspaces of h, but it does break the U 6= V symmetries in the space of zero
modes according to U(4Nf ) U(4Nf ) ! U(4Nf ). We may use a U 6= V transformation to
set M0 = M
+
0 without loss of generality, and so M^ = M01 within the space of zero modes.
In order to display the Goldstone bosons, we allow M(x) to fluctuate about the saddle
point M^ . We write
M(x) =
{
M^(x) for x even
M^y(x) for x odd
(3.14)
and
(x) = eiH(x): (3.15)
We take the Goldstone eld H(x) to be non-zero only within the zero modes of h, and thus
it belongs to the algebra U(4Nf ); it commutes with M^ . Inserting Eqs. (3.14) and (3.15)
into the action (3.3), we expand to second order in H(x) to obtain5
5The term linear in H that comes of expanding F cancels against the logarithmic term in Eq. (3.3).
In d = 4 the coefficient in square brackets in Eq. (3.16) is equal to 31=192.
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tr [H(x)−H(x+ ^)]2: (3.16)
This is a quadratic action representing massless Goldstone bosons in the adjoint represen-
tation of U(4Nf ).
If the eld H is taken to represent fluctuations outside the U(4Nf ) subgroup, it acquires
a mass of the order of m − 4, indicating that these bosons are not Goldstone bosons. We
may sum up the results so far by stating that domain wall fermions with r = 0 possess the
symmetry of naive fermions and yield Goldstone bosons according to the simplest scheme
of spontaneous symmetry breaking.
B. The r 6= 0 case; no PV bosons
Now we turn on the Wilson term in the action and calculate its eect on the Goldstone

























= Sr=0eff (M) + Seff(M): (3.18)

















−rs3(x) tr γ4[M(x);M(x + 4^)]− r2 trM(x)γ4M(x+ 4^)γ4
]
 : (3.19)
We expand Seff(M) about the same stationary point M = M^ , introducing the fluctuation
H(x) via Eqs. (3.14) and (3.15). Looking for Goldstone bosons, we restrict H to lie within
the U(4Nf ) subgroup acting on the space spanned by the zero modes of h; recall that M^ is
diagonal in the eigenbasis of h and is constant in the space of the zero modes.
We collect in Appendix A some formulas connected with diagonalization of the single-site




+ (m− 4)γ4: (3.20)
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In the limit L  L5a!1, the 4Nf surface states of h become exact zero modes. We denote
them (for each flavor) by j0i, where  =  is the sign of the energy before taking L!1,
and  is a spin label. We label states in the continuum spectrum of h as ji; they satisfy
hji = ji, with jj > m− 4.
It is straightforward to evaluate the traces in Eq. (3.19) in the basis j0i; ji. Use
of Eq. (A16) simplies the calculation considerably, as do the facts that H(x)jix = 0
and that M^ is diagonal. Thus it is easy to see that the rst three terms in Eq. (3.19) are
independent of H(x). The fourth term yields






















Here s(x) = (−1)x1+x2+x3+x4. As we show in Appendix A, the coecient matrix
h0jγ4M^γ4j0′0i takes the form J 3 in the indicated basis for the zero modes, where
J is plotted in Fig. 3.
The nal step [16] is to change basis in the space of zero modes from j0i to j0L;Ri 
1p
2
(j0+ij0−i). The new basis states are localized on either boundary and hence represent
the true chiral modes. The change of basis converts 3 ! 1 = γ4. Hence the eective action
for the pseudo-Goldstone bosons is








Equation (3.22) introduces a mass term into the eective sigma model.
Under a U(4Nf ) U(4Nf) transformation each term in Seff transforms as
tr γ4e
isH ! tr γ4UeisHV y; (3.23)
and thus the surviving symmetry group consists of transformations satisfying
Uγ4V
y = γ4: (3.24)
Out of the U = V transformations that were unbroken by the condensate in the r = 0
case, only those that commute with γ4 are left. Let us specialize for now to the case
Nf = 1, and choose a basis for the U(4) algebra comprised of the Dirac matrices. The
generators that commute with γ4 are Γ
a = 1; γ4; ij ; iγ5γj, which form the algebra H =










B = 1: (3.25)
This is the unbroken Wigner symmetry of the theory with r 6= 0.
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Just as some of the Wigner generators are broken by Seff, some of the Goldstone bosons
of the r = 0 theory acquire masses. These correspond to generators that fail to anticommute







where a = 0 represents the U(1) factor, with Γ0 = 1. Then an expansion of Eq. (3.22) to














r2M0J tr γ4fΓa;Γbg: (3.28)
The mass matrix M2B is readily diagonalized. Focusing again on Nf = 1, we note that
(M2BM
2
B)ab / tr γ4fΓa;Γcg trγ4fΓc;Γbg
= 4 tr fγ4;Γagfγ4;Γbg
= Caab; (3.29)
where Ca = 0 if Γ
a anticommutes with γ4, and Ca = 64 otherwise. Thus the eight bosons
corresponding to Γa = 1; γ4; ij; iγ5γj are now massive, while the eight corresponding to
Γa = γi; 4i; iγ5γ4; γ5 remain massless. With respect to the unbroken Wigner generators
(3.25), the still-massless Goldstone bosons corresponding to (γi  i4i; γ5  γ5γ4) form two





) under SU(2)L  SU(2)R, with U(1) charges A = 1 and
B = 0.
These results show the same pattern as the symmetry breaking in a theory of naive
fermions due to a fermion mass term. The chiral U(4)  U(4) symmetry of massless naive
fermions is broken by a mass term mf   to U(4). The simplest scenario for spontaneous
symmetry breaking employs a mean eld aligned with some generator and leaves unbroken
the generators that commute with it. This means that U(4) ! H  SU(2)  SU(2) 
U(1)A  U(1)B as above. Rotating the mean eld to lie along γ4, the unbroken generators
are just those listed above as giving massive bosons. The remainder of the U(4) generators
yield Goldstone bosons in the same pattern.
The same symmetry-breaking pattern emerges from addition of a Shamir mass term [5].


















In the a5 ! 0 limit, this adds a term hS to the single-site Hamiltonian h. Its matrix element
between wave functions  (s) and  0(s) is
13
h jhSj 0i =  (0) 0(L) +  0(0) (L); (3.31)





Perturbing around the mS = 0 saddle point, we insert M = M^ exp is(x)H(x), where H(x)
is again a matrix restricted to the space of zero modes of h(mS = 0). Then







As shown in [16], within the space of zero modes the operator hS takes the formmS(m−4)γ4.
Thus the mass term induced for the pseudo-Goldstone bosons by the Shamir term is exactly
of the form of Eq. (3.22).
C. PV bosons restored
Returning to the full eective action (2.36), we can step quickly through our analysis
above of the pure fermionic theory. We begin with the case r = 0. The site{site cou-
pling term in Seff is then symmetric under the graded unitary group U(4NfL5j4NfL5) 
U(4NfL5j4NfL5). The h term breaks this symmetry to a vector subgroup, except within
the space of the fermionic zero modes where a U(4Nf )U(4Nf) chiral symmetry survives as
before. The pseudofermion modes are all massive and thus do not add any chiral symmetry
to Seff. We eliminate the  matrices from the action via spin diagonalization, Eq. (3.2).
We assume a saddle point at which the homogeneous mean eld commutes with h,




Just as h has two blocks, one for the fermionic modes and one for the bosons, so does M.
Note that this diagonal supermatrix has no non-commutative elements that are nonzero.
Since the mean eld equations stemming from Eq. (3.9) decouple the modes of h from each
other, the solution for M is unchanged from Eq. (3.10).
6 In particular, the Pauli-Villars
modes have no eect on the fermionic modes. The chiral U(4Nf )U(4Nf ) symmetry of the
fermionic zero modes is broken spontaneously to U(4Nf ), bringing about the appearance of
16N2f Goldstone bosons in the adjoint representation of U(4Nf ).
Restoring the r-dependent terms in Seff, we perturb about the saddle point. The r-
















−rs3(x) Str γ4[M(x);M(x + 4^)]− r2 StrM(x)γ4M(x+ 4^)γ4
]
 : (3.35)
6There are two blocks in M, but both are given by the formula (3.10).
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Again we take the fluctuation eld H(x) to be nonzero only in the space of zero modes of
h. We evaluate the supertraces in Eq. (3.35) in the basis of fermion states j0i,jiF and
boson states jkiB. We use the facts that H annihilates jiF and jkiB, and that M^
is diagonal. We use Eq. (A16) again in the evaluation of Eq.(3.35), but now Eqs. (A28)
and (A29) introduce new, nonzero matrix elements. Dependence on H(x) survives in both


































We evaluate the matrix elements in Appendix A to obtain the nal result
Seff(H) = const :−Nc r
2
2





Only the coecient has changed from Eq. (3.22). One might have expected that the well-
known cancellation between the fermions and the Pauli-Villars bosons aects the low-energy
sector, but this does not occur. Nonetheless, the heavy superpartners of the mesonic bound
states must play an essential role in canceling the innite number of heavy modes, thus
allowing the above truncation to a low-energy eective theory.
IV. DISCUSSION
In this paper we have argued that, at strong coupling, non-Abelian gauge theory with do-
main wall fermions exhibits explicit chiral symmetry breaking but with an enlarged spectrum
of Goldstone modes characteristic of the doubling phenomenon. We derived the eective
action of domain wall fermions at the leading order of the strong coupling and large-Nc
expansions in the limit that the lattice spacing of the fth dimension goes to zero and its
extent to innity; therefore our conclusions apply also to overlap fermions. Our results also
depend on expanding to lowest order in the Wilson r parameter in the neighborhood of
a stationary point with maximal symmetry consistent with r = 0. Another phase, with
dierent symmetry, might be encountered at nite r.
Our analytic results provide evidence for a phase transition from a weak coupling phase
with good chiral properties to a strong coupling phase where the desired chiral properties
are lost and spurious Goldstone bosons appear. This is based on the observation that to
lowest order in r there is an explicit breaking term identical in form to the quark mass
term introduced by Shamir. Thus the true Goldstone modes are lost. In the Monte Carlo
simulations of domain wall fermions, a pattern of increasing violation of chiral symmetry
has been observed as the coupling is made stronger. The violations of chiral symmetry are
suppressed exponentially in L5 and therefore increasing the coupling requires increasing L5
and consequently the computational burden. However our calculation has been done in the
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L5 !1 limit so we should not be seeing this problem. In this limit, domain wall fermions
are equivalent to overlap fermions. The locality of the (eective) 4d Dirac operator is only
guaranteed [24] at moderate couplings and therefore the bad chiral properties at strong
coupling might be connected with the fact the theory is no longer local.
Our strong coupling results rest on the analysis of a chiral U(4NfL5j4NfL5) super matrix
model on a 4d lattice. An external eld is provided by the Hamiltonian in the fth dimension.
Such matrix models are very interesting but notoriously hard to analyze. This supermatrix
model reformulation of domain wall fermions is not peculiar to strong coupling. At any
coupling, after integrating out the gauge elds, U(Nc) Yang-Mills theory with domain wall














expressed in terms of meson-like superelds. This is the ineluctible consequence of local
4d gauge invariance. The eective theory contains all the mesonic bound states|(4NfL5)
2
spin-flavors of quark-antiquark pairs, a like number of pseudoquark-antipseudoquark pairs,
and their superpartners. The physically interesting limit is 4NfL5 !1, an innite number
of \flavors."
Changing from U(Nc) to SU(Nc) will introduce baryon-like superelds but these are
most likely irrelevant to the low energy chiral phase structure. With this caveat , the only
dierence between strong coupling and general coupling is that now the 4d action, S4(M), is
no longer restricted to nearest-neighbor couplings, becoming more and more non-local as we
approach weak coupling. We expect this exact representation for U(Nc) domain wall lattice
QCD to be in the correct chiral phase at weak enough coupling. The central question of this
paper, whether the correct chiral symmetry pattern persists at strong coupling, is a question
concerning the role of the non-locality for a U(njn) 4d supermatrix model in an external
eld at large n. Our present results give some insight for the nearest-neighbor matrix model
derived in strong coupling near r = 0. More general analysis of these matrix models can
help to understand domain wall fermions in the conned phase.
Recently, overlap fermions have been studied with a hopping parameter expansion, valid
for large values of m [26]. Golterman and Shamir [27] have argued that a chiral U(Nf ) 
U(Nf ) symmetry is rigorously unbroken for suciently large m, so that there are at least
N2f Goldstone bosons, including a U(1) pseudoscalar. Our results, while in agreement with
the earlier Hamiltonian study [16], stand in contradiction with those of [27] in the common
region of applicability, namely, large g and m. We can only conjecture some subtlety in
taking the double limit g2; m!1.
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APPENDIX A
We use the following Dirac matrices for the Euclidean theory:
γk = 2k; k = 1; 2; 3 γ4 = 1
k = γ4γk = i3k 4  1
γ5 = 3  = iγγ
(A1)





where   m− 4. We impose the boundary conditions
(1 + γ5)u(L) = (1− γ5)u(0) = 0: (A3)
on the eigenfunctions of h. We have taken a continuum limit a5 ! 0, L5 ! 1, with
L = a5L5 held xed.








where  is any 2-spinor. The spectrum contains discrete surface states with wave functions
f^ = A0 sinh (s− L)  f0(s) (A5)
g^ = A0 sinh s  g0(s); (A6)
where  satises the eigenvalue condition
 =  tanhL: (A7)
Their energies are
 = 0 =  
cosh L
: (A8)
As L!1, we have !  and 0 ! 0. Taking spin into account, there are four zero-energy
states for each flavor, which we denote by j0i, where  =  is the sign of the energy before
taking L!1, and  is a spin label.
There are also continuum modes,
f^ = Ak sin k(s− L)  f(s) (A9)
g^ = Ak sin ks  g(s); (A10)
with the quantization condition
k =  tan kL (A11)
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and energies




k2 + 2: (A12)
There is a gap to this pseudo-continuum, jj >  = m − 4. When k   the solutions of
Eq. (A11) approach (2n+ 1)=2L. We label these states ji. Note that we take k > 0 and
that there are two energies  for each value of k.
The relation fγ5; hg = 0 implies that
γ5j0i = j0−i and γ5ji = j − ; i: (A13)
Together with orthogonality of the eigenfunctions, this relation can also be used to prove∫
ds f0f =
∫
ds g0g = 0: (A14)
Moreover, the overlap integral ∫ L
0
ds f0(s)g0(s) (A15)
goes to zero exponentially as L!1. Using the explicit forms of the γ matrices, we nd
h0jγj0′0i = h0jγkj0i = 0; (A16)
for  = 1; : : : ; 4 and k = 1; 2; 3. On the other hand,
h0jγ4j0i =
{















We use these matrix elements to calculate the coecient matrix in the symmetry-





According to Eq. (A17), the matrix elements of γ4 are zero unless  = sgn  and 
0 = sgn ;
moreover, there is no spin structure in γ4 or in M and so  =  = 
0. Thus the matrix is



















by virtue of Eq. (3.13). Thus
h0−jγ4M^γ4j0−i = −h0jγ4M^γ4j0i; (A20)
















k2 + 2 + 8
p
k2 + 2 + 7
k2 + 2 + 16
(A21)
when d = 4. Here () = (L=)(=k) is the density of states.
Let us turn to the Pauli-Villars bosons. Their wave functions satisfy Eq. (A2) with
antiperiodic boundary conditions,
u(L) = −u(0): (A22)
The spectrum contains only continuum modes,
f^ = Aeiks  fk(s) (A23)
g^ = Aeiks  gk(s); (A24)
where the momenta are quantized as k = (2n + 1)=L. The energies of these modes are
 = 
√
k2 + 2; (A25)
and therefore there is a gap jj >  = m − 4. k runs from −1 to 1, and there are two
energies  for each value of k. The Pauli-Villars elds exhibit no zero mode.
We will need to know the overlap integrals between the continuum Pauli-Villars modes
and the fermion zero modes. For large L,
∫ L
0






























[ (− − sgn ) + ik (− + sgn )] : (A29)
7We mark the bosonic continuum states with B subscripts and include k in the label because of
the k ! −k degeneracy; an F subscript is added to fermion states where needed to avoid confusion.
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h0jγjjkiBM Bhk jγjj0′0i: (A30)





















k2 + 2 + 8
p
k2 + 2 + 7
k2 + 2 + 16
: (A31)
It is very similar to J , and it is independent of the index j.








h0kjγ4jiBM Bhk jγ4j0′0i: (A32)
The rst sum in Eq. (A32) is the same as that in Eq. (A19) and is equal to J 3. Using
Eqs. (3.13) and (A29) we nd that the second sum equals −Y3. Changing basis in the
space of zero modes as in Eq. (3.22) converts 3 ! 1 = γ4.
APPENDIX B
In this appendix we derive the basic identity for the generating function that allows the
fermionic Grassmann integrals to be replaced by integrals over a unitary matrix eld M(x)
[see Eqs. (2.17) and (2.19)]. In particular we present the generalization of this well-known
result to supermatrices [25], which we require for the inclusion of the Pauli-Villars elds [see
Eqs. (2.34) and (2.35)].
In the absence of Pauli-Villars elds, we seek the \replacement" of the fermion bilinears







 axs′ −!M(x); (B1)
The essential identity allows the replacement of the generating function
Z(J) =
∫
d  d exp (−Nc trJM) = (det J)Nc (B2)






exp (−Nc tr JM) ; (B3)
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up to a multiplicative constant, where dM is the Haar measure for U(n) and n = 4NfL5.
This identity was proven by Kawamoto and Smit [10] and it follows immediately from a
similar identity for the one-link integral given earlier by Creutz [19].
The generating function that arises in the theory with Pauli-Villars elds is
Z(J) =
∫
d  d dd exp (−Nc Str JM) = (Sdet J)Nc ; (B4)







exp (−Nc Str JM) ; (B5)
where dM is the invariant Haar measure for the supergroup U(njn). The latter is the








i i in complex superspace, where i are
Grassmann variables and zi are c-numbers.
We choose denitions of the supertrace and superdeterminant that dier from the con-
ventional choice by Str ! −Str and Sdet ! 1=Sdet in order to simplify the comparison








with the supervector index in the order (1; 2    n; z1; z2    zn), i.e., Grassmann variables
rst. Then
StrM  trA− trD; (B7)
and
SdetM  eStr logM = detA
det(D − CA−1B) : (B8)
The proof of our identity relies on the following observations. Since the integral measure
is compact and the integrand is free of singularities, the integral I(J) is holomorphic in the
components of J . In particular, if we write
J =














where I(J)  I(J; z = 1). There can be no dependence on z.
Next we factor the Haar measure for U(njn)  U(1)  U(njn)=U(1) as dM = d dM^ .







where M^ = M( = 0) is special unitary, Sdet M^ = 1. Note that SdetM = ein Sdet M^ =
ein.
Introducing the source rotated under U(1),
J^ =


















d e−iNcnF (J^): (B13)
Moreover, invariance of the integral dM^ over SU(njn) = U(njn)=U(1) implies that the kernel
F (J^) is invariant under right and left rotations,
F (J^) = F (UJ^V y); (B14)
with U; V 2 SU(njn). Thus F (J^) must be a function of the invariants Sdet J^ and Str (J^ J^y)l.
Holomorphy rules out the trace terms Str (J^ J^y)l because of their explicit dependence on z.
Then using Sdet J^ = (zei)n Sdet J , we see that the integral over  projects out a single
term in the Laurent expansion, cm for m = Ncn. Hence
I(J; z = 1) = cm(Sdet J)
Nc ; (B15)
proving the identity.
In the remainder of this appendix we shall prove Eqs. (2.13) and (2.31), which are of
paramount importance in the derivation of the eective actions (2.22) and (2.36). The proof
of Eq. (2.13) was given in [10] and we shall briefly sketch it here in order to extend it to
the case of Eq. (2.31), in which one has also to deal with the Pauli-Villars elds. Using
Eq. (2.9), we express the action (2.13) as a sum over one-link integrals,


















where A and A were dened in Eqs. (2.10) and (2.11). The one-link integral appearing in
Eq. (B16) was computed in the large-Nc limit in [21,22], with the result
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w( A;A) = N2c
















Here xa are the eigenvalues of AA=N
2


















































and using Eqs. (B17){(B21) we obtain Eq. (2.13).
By the same method we can prove Eq. (2.31) in the presence of the Pauli-Villars elds.
The proof relies on the fact that Eqs. (B17){(B21) still hold but the trace tr should be
replaced by the supertrace Str. Moreover A and A are now dened by Eqs. (2.29) and (2.30),
and M by Eq. (2.26). One can easily verify that in presence of Pauli-Villars elds one has,













Equation (B22) allows the expansion of Eq. (B17) in powers of xa in the supermatrix case
as well. One can thus prove that the action can be completely expressed in terms of  as in
Eq. (2.31), where now  is a bilinear function of the supermatrix M given in Eq. (2.26).
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FIGURES











FIG. 1. The function F (). The dotted line is F = =4.





















FIG. 3. The integrals J (dashed curve) and Y (dotted curve), and the combination J − 4Y
(solid curve), as functions of  = m− 4.
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